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Abstract
During the last years, credit derivatives have developed at a very fast pace, and
a market for CDOs has emerged. Although the financial crisis has seriously hit this
expansion, valuation of both spot and forward starting instruments is more than ever
under scrutiny from banks and regulators. This thesis introduces the fundamental
concepts of the credit derivatives world, and implements the algorithm introduced
by Schonbucher in [4] in order to price forward starting CDOs. To do so, we are
here introducing a new way of implying loss distribution from market-quoted CDOs
tranches, and checking the sensitivity of the most common valuation model, JP Mor-
gan’s Large Pool Model. The results thus obtained are first checked for consistency
and second compared to forward starting CDOs prices derived by Hull & White in
[1].
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1 Introduction
The last decade has seen a tremendous increase in the volume of credit derivatives traded
throughout the world. Those large volumes have created a market liquid enough to
introduce standardised indices of CDS portfolios such as the iTraxx in Europe and the
CDX in the United States, and even standardised synthetic single-tranche collateralized
debt obligations (STCDOs). More exotic products are now traded over the counter such
as forward starting CDOs, requiring new methods and models.
As a matter of fact, the crisis of the last last few quarters (end of 2007 - 2008) may
impact the development of such markets. It appears that financial institutions have
introduced complex credit derivatives while some in the market were not mature enough
to assess the risk contained in these assets. In particular, the “sub-prime loans” market
has shown many more defaults than expected. The consequences of this crisis on the
development of credit derivative are still unsure in the long run. It could seriously slow
down the traded volumes, but it may also arouse fierce study about the instruments
involved in order not to let such a bubble to develop again.
The goal underlying this thesis is to price a Forward Starting Collateralized Debt
Obligation (Forward CDO, or FDO). A major model in order to do so is presented by
Schonbucher in [7]. The main input of this algorithm is a complete loss distribution.
Unfortunately, such a distribution is not directly available in the market. It has to
be implied from market prices of various CDO tranches. We are here offering a new
way to derive the loss distribution out of market information. Sections 1 and 2 recall
basic concepts about bonds and credit derivatives. Section 3 introduces more elaborate
concepts required to build and price CDOs, such as the correlation in a portfolio and
the widely used Base Correlation model. Section 4 focuses on the FDO, the different
structures they can have, and the extension of the Gaussian copula to price them. In
section 5, Schonbucher’s algorithm is presented. A new structure for the loss distribution
is then introduced in section 6, followed by pricing results for FDO in section 7.
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2 Introduction to bonds and bond yields
In this section, definitions of the basic concepts used throughout the thesis are given.
A bond is a financial instrument with which a company or a government borrows
money in the market. Depending on which company or government is borrowing this
money, it carries more or less risk of the borrower not being able to pay back the money.
The amount which is borrowed is called the principal or notional. There are two types
of bonds: coupon-bearing bonds and zero-coupon bonds.
2.1 Zero-coupon bonds
With zero-coupon bonds, the borrower pays back the principal and the interest at the
end of the bond’s life, which is called the maturity and which will be denoted as T . At
time t = 0, the buyer of the bond will pay the principal P for holding the bond. At time
T , the holder will be paid P + IT by the issuer of the bond.
The bonds prices are usually quoted as interest rate r, so that:
• P + IT = PerT in the case of continuously compounded interest,
• P + IT = P (1 + r)T in the case of annually compounded interest (T in years),
• P + IT = P (1 + rT ) in the case of simple arithmetic interest.
2.2 Present value and discount factor
The present value is the immediate value of a cash flow which will occur at a future
point in time. The cash flow is discounted to reflect the time value of money and the
investment risk. In the previous example, it is important to note that the present value
of the cash flow PerT at time T , given that the issuer of the bond does not default, is
P . We can introduce the risk-free interest rate r¯ of a bond which cannot default, thus
being “risk-free”: The only case of non-defaultable bond is one issued by a government
in its own currency. Per¯T is the certain cash flow at T of this bond, which has a present
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value P . The discount factor B¯t = 1er¯T is introduced as the present value of a cash flow
of $ 1 at T .
2.3 Coupon-bearing bonds
Most bonds are not zero-coupon bonds, they pay coupons on a periodic basis (usually
annually or semi-annually). For a bond with coupon rate c, paid k times a year, for n
years with a principal of $1, the discounted value of the cash flows associated with the
bond is:
V¯0 =
kn∑
i=1
B¯ti
c
k
+ B¯T ,
where B¯ti is the discount factor for a cash flow at time ti = i/k (in years), and T = tkn.
As interest rates do not have the same value for all maturities, we will note B¯ti = e
−r¯i·ti ,
where r¯i may be different from r¯j (for i 6= j), thus enabling a term-structure of interest
rates. With this notation, we have:
V¯0 =
kn∑
i=1
e−r¯i·ti
c
k
+ e−r¯nk·tnk .
If we assume that the risk-free rate is constant to r¯, then this formula can be simplified
to:
V¯0 =
kn∑
i=1
e−r¯
i
k
c
k
+ e−r¯n. (1)
2.4 Bond yield
The value V¯0 is the sum of all cash-flows discounted at the risk-free rate to time 0.
Because of credit risk, it may not be the actual price of the bond. Credit risk is simply
the risk that the issuer of the bond may default and not fulfil the contract. Due to
this risk, the bond will usually have a price V0 lower than the value of its discounted
cash-flows.
V0 ≤ V¯0
Pricing of forward starting collateralized debt obligation 8
We therefore define the bond yield y so that:
V0 =
kn∑
i=1
e−y·ti
c
k
+ e−y·tnk .
It is simply the rate at which we should discount the expected cash flows of the bond so
that it gets its actual current price. In the case of a zero-coupon bond, the bond yield is
equal to its n-year zero rate rn.
2.5 Credit spread and recovery rate
The credit spread of a bond is the difference between the yield of the bond and the yield
of a default-free (or risk-free) bond which would have the same cash flows. As mentioned
above, this spread is due to the credit risk of the bond, i.e. the risk of default.
In case of a default, there will be a legal procedure to refund the investor and financial
institutions that have lent money to the company. Out of a notional of $1, the lender
will recover an amount which can vary from $0 to $1. However, this amount is usually
not precisely known at the time of the default, and it may take time (e.g. years) before
it is fully defined. Therefore we define the recovery rate R as the ratio of market price
of the bond after the default of its issuer and its notional. It is the market expected
proportion of the principal that will be given back to the bond holders in the event of
a default. R is of course a random variable drawn at default time (if any). As a credit
derivative will only be structured on a name which has not defaulted, we will always
have to consider the expectation of R in our calculus E(R|Ft). Out of simplicity (and as
no misinterpretation is possible), we will denote by R the value of this expectation. In
reality, R will be a function of time, and of the name of the company. However we will
assume it is a constant throughout this study; during numerical computations, we will
set R = 40%.
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2.6 Probability of default
We now derive the distribution of the probability of default. In a first approximation, we
will consider a zero-coupon bond and a binary model, where defaults occur at maturity
T . In this case, the present value of expected losses on a notional of $1 is:
E(L) = e−r¯TT (1−R)Pd(T ).
where Pd(T ) is the probability of default at time T and r¯T is the risk-free interest rate
for cash flows at T .
Considering a risk-neutral world, the expected loss of the bond must be equal to its
discount in price compared to the default-free bond: B¯T −BT0 = E(L). So that,
Pd(T ) = B¯
T −BT0
e−r¯TT (1−R)
=
e−r¯TT − e−yT
e−r¯TT (1−R)
Pd(T ) = 1− e
−(y−r¯T )T
1−R . (2)
y − r¯T is the spread of the bond, i.e. the difference between its yield and the risk-free
rate. Assuming the bond is trading with enough liquidity in the market, the spread of
the bond is a market-observable variable. Thus, using equation (2), one can derive the
probability of default of any liquid bond.
2.7 Credit Default Swaps
The simplest credit derivatives, such as the CDS, are based on a single name.
Definition 2.1 A plain vanilla Credit Default Swap (CDS) is an instrument that gives
the holder the right to sell a bond for its face value in the event of a default by the issuer
of the bond for a given amount of time T .
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This instrument can be seen as an insurance against a default of the corresponding
issuer. The insurance premium is paid as a percentage of the notional insured on regular
basis (quarterly, annually) until T , as long as no default has occurred. However, more
elaborate credit derivatives are based on a basket of names:
Definition 2.2 Given a basket of bonds, a k-th to default CDS gives the holder the right
to sell the k-th bond of the basket that defaults, for its face value.
Although it might depend on the recovery rate distribution, in most cases the price
of a k-th to default CDS is decreasing in k, simply because the probability of having k
defaults or more is a decreasing function of k.
The challenge in pricing such an instrument is that defaults are not independent. In
the event of an economic crisis, corporations all face shrinking revenues, and are likely
to default. When the economy grows steadily, defaults are unlikely for all issuers. This
phenomenon is known as “default clustering”.
2.8 Collateralized Debt Obligations
A collateralized debt obligation, or CDO, is a structured financial product. In a nutshell,
it is a way of grouping the risk tied to a group of bonds (or loans, in the case of a CLO),
in order to trade it piece by piece. The notations used in this section will, as much as
possible, be used throughout the thesis.
Let N be the number of bonds in a portfolio. The protection buyer enters a CDO
contract with attachment point Kl and detachment point Ku, with a maturity T at a
price f (quoted as a running spread). Kl and Ku are quoted in percent of notional.
As time lapses, some bonds in the portfolio may default. If the losses L, in percent of
notional, reaches Kl (and stays below Ku), the protection of the CDO is activated, and
the protection buyer is paid by the issuer L−KlKu−Kl for $1 notional. In the meantime, the
protection buyer only pays the fee f on the remaining notional of the tranche Ku−LKu−Kl .
When the losses reach Ku, the protection stops, and the contract is terminated. In all,
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for k payments a year, the amount of fee paid each time is:
f
k
max(Ku − L, 0) + min(L−Kl, 0)
Ku −Kl .
As L varies in time, the amount stated above is not a fixed insurance premium, but a
varying fee which will evolve from f/k down to 0, provided that enough defaults occur.
It is necessary to introduce R, the recovery rate of the bonds. As discussed in 2.5,
we will only be considering the simpler case of an homogeneous portfolio with constant
recovery rate R. For more accurate models, the recovery rate might be stochastic, or
simply take different values for different names. There might also be portfolios in which
bonds do not have an equal share of the portfolio. These cases are a couple of examples
where the portfolio is said to be heterogeneous.
Example Consider a 1-year CDO tranche with attachment point (resp. detachment
point) Kl (resp. Ku), priced at f = 12bps per annum. It means that out of a tranche
notional of $100, the protection costs $0.12 (for the year). If an investor pays $120 for
his CDO protection per annum, he has a notional of $100,000 covered. Therefore, if the
loss L is above Ku, then the payoff is $100,000 . If the losses are such that Kl < L < Ku,
and all defaults occur at maturity of the CDO, then the payoff at maturity is
$100, 000× L−Kl
Ku −Kl .
3 Modelling correlated defaults in a portfolio
Although it was straightforward to derive the probability of default of a given name,
CDO and other increasingly commonly traded credit derivatives involve a portfolio of
bonds. In this case, the multivariate distribution of default is needed. In this section, we
introduce a way of correlating defaults in a portfolio.
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3.1 The general copula framework
A copula is a very general technique to correlate different random variables. The starting
point of it is the following property and the following definition:
Proposition 3.1 If a random variable X has a continuous cumulative distribution func-
tion F , then Z = F (X) has a uniform distribution on [0,1]. Conversely, if Y has a
uniform distribution on [0,1], then Z = F−1(Y ) has distribution function F .
Definition 3.2 For I a finite set of indices, a function C : [0, 1]I → [0, 1] is a copula if:
1. There are random variables Ui, i ∈ I, taking values in [0,1] such that C is their
distribution function,
2. C has uniform marginal distributions, i.e. for all i ∈ I, ui ∈ [0, 1]:
C(1, ..., 1, ui, 1, ..., 1) = ui.
For a set of random variable (Yi) the idea is, knowing the individual distribution
Fi of each Yi, to be able to generate a correlated distribution using a copula C. The
copula carries information about the correlation of the variables, whereas the individual
distributions carry information on each variable’s probabilities. In order to generate a
sample following the correlated distribution:
• Step 1: Sample a set of ui following copula distribution C.
• Step 2: Compute yi = F−1i (ui).
Then, according to proposition 3.1 (yi) is a sample of Yi. In fact, Sklar’s theorem
proves that there is a bijection between the random variables one can generate using this
technique and all the random variables which have a continuous joint distribution. We
refer the reader to [4] for more details.
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3.2 Gaussian copula
The Gaussian copula uses the copula associated to the multivariate Gaussian distribution.
More precisely, let Xi be normally distributed random variables, with mean 0, variance
1, and correlation matrix <. Then consider Ui = Φ(Xi), where Φ denotes the cumulative
univariate standard normal distribution function. Applying proposition 3.1, Ui has a
uniform distribution. The distribution function C<((ui)i∈I) of the random variables (Ui)
is a copula, and it is called the Gaussian copula with correlation matrix <.
To avoid defining a different correlation between xi and xj for each pair of companies
i and j, a factor model is often used. That is:
xi = ρiV +
√
1− ρ2iZi,
where V is a common factor affecting defaults for all names and Zi is a factor affecting
name i only. V and (Zi) have independent standard normal distributions, and (ρi) ∈
[−1,+1]I. Using this framework, xi and xj are two standard normal random variables,
with correlation ρiρj .
Such a framework allows great flexibility in defining the correlation between names.
Unfortunately, the market carries very little information about the correlation between
two particular names, because all structured credit derivatives are either:
• based on a single name: in which case, they only carry information on the default
probability of this name, and not on the correlation between two names.
• based on a full portfolio of dozens of names: in which case the correlation between a
particular pair cannot be extracted from the market price which carried information
on the portfolio as a whole.
Single correlation model Instead of defining a factor ρi for each name of the portfolio,
the single correlation model uses a common ρ for the full portfolio. In this case, xi is
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obtained by:
xi = ρV +
√
1− ρ2Zi.
Note that in this case, the pairwise correlations are all the same and equal to ρ2.
3.3 Base correlation
For a CDO with attachment and detachment point Kl and Ku quoted on the market,
the one-factor model will provide a corresponding correlation ρ. A major problem arises,
in the sense that in most cases, for a CDO on the same underlying portfolio but
with different attachment and detachment points, K ′l and K
′
u , the correlation ρ
′ found
to match the market price will be different than the first ρ. Thus, ρ appears as a function
of Kl and Ku. It is interesting to note that the correlation was initially linking defaults
in a portfolio, and therefore was not linked to the number of defaults occurring in the
portfolio (and therefore not linked to the current tranche).
If we take a look at a real life example, the correlation for two tranches, say 0-3%
and 3-6%, would be quoted in the market and we would like to price the 2-4% tranche.
It would not be straightforward to know which correlation to use.
Therefore JP Morgan introduced in [5] the base correlation model. The underlying
idea is straightforward: buying protection on a CDO tranche (Kl,Ku) can be seen as
buying protection on (0,Ku) and selling protection on (0,Kl). Therefore all tranche prices
quoted in the market can be reverted to equity tranche prices for various detachment
points. The next step is to linearly interpolate the correlation between the points thus
obtained. Finally, a quote can be given on a tranche with any attachment and detachment
points.
3.4 Large Pool Model introduced by JP Morgan
Taking a step further in homogenising the portfolio approach, the large pool model (LPM)
uses an index spread, rather than the spreads of individual name to compute the default
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probability. For each value of the state of the economy (that is, V ), if the probability of
default is x%, the LPM assumes that x% of the portfolio will default. This explains the
name “Large Pool”: if the pool (or portfolio) is large enough, then according to the Law
of Large Numbers, the number of defaults in the portfolio should tend to the expected
number of defaults.
In equation (2), we derived the probability of default of a bond. If we consider a
index with spread s, and assuming all bonds in the index have the same spread, then all
the bonds have the same spread s, and their probability of default Pd is:
Pd = 1− e
−sT
1−R .
In order to relate this expression to the Excel file which was released by JP Morgan
[6], one can notice that 1−e
−sT
1−R ≈ sT1−R ≈ 1− exp
(
− sT1−R
)
, which is the formula actually
used in the spreadsheet.
Expected loss in a tranche Using the notation above, and since xi is normally
distributed:
P(name i defaults) = P(xi > Φ−1(Pd)) = Pd
⇔ P
(
ρV +
√
1− ρ2Zi > Φ−1(Pd)
)
= Pd
Now let ZC = Φ−1(Pd), and for a given state of the economy V = m:
P(name i defaults|V = m) = P
(
Zi >
ZC − ρm√
1− ρ2
)
= Φ
(
ZC − ρm√
1− ρ2
)
.
Making the “large pool” approximation: the loss of the CDO portfolio Lρ(m) in the
state of the economy V = m and with portfolio correlation ρ is exactly:
Lρ(m) = (1−R)Φ
(
ZC −mρ√
1− ρ2
)
.
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We now compute the loss incurred on the tranche in such case, and define LT (m) as
the loss of the tranche when V = m. As base correlation is implemented, the tranche we
are considering is an equity tranche, with attachment point 0:
LTρ,Ku(m) = min(Lρ(m),Ku).
Finally, we can compute the loss incurred in the tranche as:
LT (ρ,Ku) =
∫ +∞
−∞
LTρ,Ku(m)φ(m)dm,
where φ denotes the univariate standard normal distribution function.
To relate this to the spreadsheet released by JP Morgan: The integral is discretely
computed, m takes on values between - 5 and + 5, with increment 0.1. so that:
LT =
1000∑
i=0
LT
(
−5 + i
100
)
Φ
(
−5 + i
100
)
× 0.1
Pricing the CDO In order to compute the arbitrage-free price of a CDO, it is neces-
sary to equate the payment leg and the default leg of the CDO.
The payment leg is the discounted expected fee payments for the tranche protection,
on the outstanding remaining notional.
The default leg is the discounted expected insurance payment from the protection.
The fair spread is the fee that makes both legs equal, thus making the price arbitrage-
free.
The remaining problem is that the loss occurs during the full life of the CDO. If we
want to price the CDO tranche, we need to know at what time the loss occurred (and
therefore the payoff), both to compute the default leg and the payment leg.
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For this, the expected survival is introduced:
ES(T ) = 1− LT (ρu,Ku)− LT (ρl,Kl)
Ku −Kl .
The expected survival up to time t, is denoted by ES(t) and assumed to have the
form: ES(t) = ES(T )
t
T .
Let (ti)1≤i≤I be the payment dates for the annual fee (with tI = T , the maturity, and
t0 the present date). So that the expected loss between ti−1 and ti is ES(ti)−ES(ti−1)
At time ti, the fee f is paid on the remaining outstanding notional:
(ti − ti−1)fES(ti).
So that the payment leg is: PL = f
∑I
i=1 e
−rti(ti − ti−1)ES(ti).
Finally the price of the default leg is:
DL =
I∑
i=1
e−rti(ES(ti)− ES(ti−1)).
So equality between the two legs gives rise to:
f =
∑I
i=1 e
−rti(ES(ti)− ES(ti−1))∑I
i=1 e
−rti(ti − ti−1)ES(ti)
.
Figure 1 shows the link between the price of a tranche and the two correlations ρl
and ρu. f is an increasing function of ρl and a decreasing function of ρu. This is a
consequence of the fact that a CDO equity tranche price is a decreasing function of
the correlation (in a standard Gaussian copula model), and that in the base correlation
model, a CDO tranche between Kl and Ku is a long position in an equity tranche up
to Ku, with correlation ρu, and a short position in an equity tranche up to Kl, with
correlation ρl.
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Figure 1: Plot of a CDO tranche price, against the correlation of its attachment and
detachment points (3% and 6%)
The approximation of the LPM When using the LPM, two major assumptions are
made:
1. All names in the portfolio have the same spread, or equivalently the same proba-
bility of default.
2. The number of names in the portfolio tends to be infinite.
In order to measure how these two approximations will bias the results one could get
using the LPM, the impact of the two parameters at stake in the two above-mentioned
assumptions was checked:
• Spread distribution, in order to see the influence of the spread distribution through-
out the portfolio.
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• Number of names, in order to see the influence, given a fixed spread, of the number
of names in the portfolio.
Spread distribution In order to evaluate the influence on the tranche price of the
spread distribution in the portfolio, two distribution shocks are tested.
First, assuming a fixed average spread sm in a portfolio of 100 names, the distribution
of the spreads in the portfolio is changed using a simple pattern, in which the name i
has the following spread:
si = sm + (i− 50)∆ for 0 ≤ i ≤ 100.
Thus, the average spread of the portfolio is constant, but the standard deviation of
the spread distribution can be modified.
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(b) CDO Tranche Price for various ∆ values
Figure 2: Impact of the spread distribution on an equity tranche price (first method)
Figure 2 shows the variation in price of a CDO equity tranche (0 - 3%), when using
the distributions described above. The pricing is done using Monte-Carlo simulations,
which explains the imperfect smoothness on figure 2(b). Overall, no impact of the spread
distribution on the CDO tranche price can be seen. Therefore, another stronger way of
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shaking the standard deviation is studied.
Second, the spread distribution can also be modified by:
1. Setting a constant average spread in the portfolio, and
2. Allocating a given number of names at a much larger spread smax.
Two examples will be studied, for two different values of smax. In both, 100 names
were considered, and the portfolio was taken to have an average spread of 100 bps.
Successively i names were given a spread smax of 200 bps (figure 3) and 600 bps (figure
4), while the remaining names were set to a spread in order to keep the average spread
of the portfolio constant at 100 bps.
(a) Standard deviation of the spread distributions (b) CDO Tranche Price for spread distributions
Figure 3: Impact of the spread distribution on an equity tranche price, smax = 2×
spreadMean.
The first example (figure 3), where the smax is twice the average spread does not
reveal a clear link between the spread distribution and the tranche price. However, in
the second example (figure 4), it appears that the price of the tranche increases as the
number of names with spread smax increase (with smax= six times the average spread).
In that case, the price is sensitive to the fact that a certain number of names are very
likely to default, and that the tranche has an increased likelihood to be hit (as an equity
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(a) Standard deviation of the spread distributions (b) CDO Tranche Price for spread distributions
Figure 4: Impact of the spread distribution on an equity tranche price, smax = 6×
spreadMean.
tranche).
This shows that although there is an impact of the spread distribution on the tranche
price, it remains limited to extreme cases. Therefore, the LPM can still be considered as
a good indicator in regular market conditions.
Number of names In this case, the spread is uniform throughout portfolio, but the
number of names in the portfolio varies. Figure 5 shows how the number of names impacts
the tranche price (again equity 0-3% tranche). The limit is approximately reached when
the number of names reaches 1000. Usual indexes such as the iTraxx have 125 names,
making the large pool model not the best approximation available. Still, as it is a
benchmark for the industry we will refer to it as ground for comparison throughout our
study.
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Figure 5: Plot of CDO tranche price, against the number of names in the portfolio.
4 Forward starting CDO
The main focus of this thesis is to price a forward starting CDO, which will be referred
to as FDO. This section introduces the concept of FDO, and the various nuances it can
bear.
4.1 Various structures
Let t0 = 0 denote the present time, T0 ≥ t0 the time where the protection starts, and
Tf ≥ T0, the time when the protection ends. Hence, the maturity of the forward contract
is T0, and the maturity of the FDO is Tf . It is clear that if t0 = T0, then the FDO is a
plain CDO. Besides the fact that the protection starts at a future time, there can be an
uncertainty in the attachment and detachment points, Kl and Ku.
For a plain CDO, the initial portfolio is known when the protection starts, and the
attachment and detachment points are expressed as a percentage of this initial portfolio.
However, if the protection starts at T0 > t0, there may be defaults between t0 and T0. If
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we denote by L(t) the loss process, there are L(T0) names which have defaulted at the
time the protection starts, this corresponds to a loss of l(T0) on a notional of $1. With a
constant recovery rate R and a portfolio of N names, l(T0) = L(T0)1−RN . In such a case,
the protection can be specified as any one of the three possibilities:
1. between max(l(T0),Kl) and Ku, of the initial portfolio. In this case, the nominal
attachment and detachment points are not affected by L(T0). Note that in the
event where l(T0) > Ku, no protection is bought.
2. between l(T0) + (1− l(T0))Kl and l(T0) + (1− l(T0))Ku, of the initial portfolio. In
this case, the attachment and detachment points are “re-scaled” on the remaining
portfolio at T0: They are actually defined as a percentage of the remaining notional
of the portfolio at T0.
3. between l(T0) +Kl and l(T0) +Ku, of the initial portfolio. In this case, the attach-
ment and detachment point are “re-evaluated” on the remaining portfolio at T0:
they are shifted by the amount of loss l(T0) which has occurred at T0.
4.2 The Gaussian copula extension
A common approach to the FDO pricing problem relies on the assumptions of the Gaus-
sian copula. Recall that for a particular bond, given a probability of default Pd, one can
derive the probability of default conditional on the market factor V .
P(name i defaults|V = m) = P
(
Zi >
Φ−1(Pd)− ρm√
1− ρ2
)
(3)
Depending on the structure of the payoff, not all prices will be derived in the same
way, but in all cases, the conditional independence of the default is the key idea which
allows the computation of the loss distribution.
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4.2.1 Fixed attachment and detachment points
In the case of fixed attachment and detachment points, described as case 1 in 4.1, we
can refer to Hull and White [1] to price the option. It simply requires to go through the
following steps, starting from the probability of default for a given maturity:
1. Extend the probability of default to all necessary maturities assuming a constant
intensity Poisson process. Thus, the probability of default has the following time
dependence:
Pd(t) = λte−λt.
2. Derive the conditional probability of defaults using (3)
3. Conditional independence provides an easy way to compute the probability of k
defaults (conditionally to V ):
P(k defaults occur |V = m) =
∑
(i1,...,ik)∈[1,N ]
k∏
j=1
P(name ij defaults|V = m).
4. Integrate on the values of V which is normally distributed:
P(k defaults occur ) =
∫ +∞
−∞
k∏
j=1
P(k defaults occur |V = m)N (m)dm.
where N is the the normal distribution density function.
The conclusions made by Hull and White on this particular kind of structure are:
Under low correlation the loss accumulated before the start of the protection will
reduce, in the case of the equity tranche, the effective protected tranche. Thus, a forward
starting equity tranche of 0 to 3% is reduced to a spot tranche of 0 to X%, with X < 3.
For mezzanine tranches, the accumulated losses simply reduces their attachment and
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detachment points, making them easier to be hit. Therefore, the FDO price will increase
as the forward maturity increases (with a constant protection maturity).
Under high correlation and for an equity tranche, the effect described above of
“thinning” the tranche becomes less influential. As default will tend to be clustered, if
the tranche survives the forward duration, then it is likely that no default occurred at
all (otherwise, they would have been several defaults, and the tranche would have dis-
appeared). Therefore, the opposing effect of the protection duration shortening becomes
higher, and the price of the FDO will decrease as the forward maturity increases (with a
constant protection maturity).
Additionally, one can note that a long position in the FDO starting at T1 and maturing
at T2 provides in this case the same payoff as a long position in a CDO of maturity T2
and a short position in a CDO of maturity T1. The payments structure, however, are
different enough so that the price of the FDO cannot be the difference of the two CDO.
For an equity tranche, involving an upfront fee and 500bps running, the FDO exactly
matches the payment and default leg of the long-short position described above, thus
making the price of the equity tranche easy to compute.
All of the conclusions above cannot be extended to other kinds of FDO structure.
The fact that the attachment and detachment points are fixed has a strong influence on
the price of the CDO.
4.2.2 Loss-dependent attachment and detachment points
The two latter cases of CDO structures introduced in section 4.1 are noticeably different
from the first one in that the tranche attachment and detachment points are not known
at the moment the contract is entered. Relying on the same conditional independence
principle, Jackson and Zhang [3] introduce a way of pricing a CDO which has a structure
of the third type we introduced in 4.1: the protection is between l(T0)+Kl and l(T0)+Ku,
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of the initial portfolio.
In this case, it is essential to capture the number of defaults occurring during the
active protection life of the FDO. In order to do so, the following steps are applied:
• The conditional probabilities of defaults are derived for each name, for all matu-
rities. For a market factor of V = m, maturity t and name k, let pik(t,m) be this
probability.
pik(t,m) = Φ
[
Φ−1(pik(t))− ρm√
1− ρ2
]
• The conditional forward default probability for name k in the active life of the FDO
is computed pˆik(t, x) = pik(t, x)− pik(T, x)
• Using the assumption of conditional independence upon V , the probabilities of k
defaults between T and t are then computed using a recursive relationship (in the
case of [3]).
• The conditional payoff is computed, and summed on V , which has a normal distri-
bution.
This method is fully tractable. However, one can argue that this model relies too
much on the Gaussian copula framework, which was introduced to simply manage a
correlation in defaults. Here the independence of the random variable conditionally on V
is heavily used to derive the forward loss distribution. Although the model was adapted
to spot CDO, it might not be suited for forward starting CDOs.
4.3 Schonbucher’s forward transition rates
Instead of relying on the Gaussian copula, it has been argued that it might be necessary
to introduce a new way of modelling the defaults in a CDO. In particular, Schonbucher
[7] introduces the forward transition rates, in which the portfolio of bonds is seen as a
whole, and the number of names which has defaulted is a Markov chain.
Pricing of forward starting collateralized debt obligation 27
5 The forward transition rate model
5.1 Underlying idea
Schonbucher provides a completely new approach to modelling the loss in a portfolio. It
relies on a top-down approach which simultaneously simulates the full forward distribu-
tion of the loss process.
The loss process L is modelled as a time-inhomogenous Markov-chain, the distri-
bution of which matches the initial loss distribution. Schonbucher shows that, up to
weak regularity conditions, all arbitrage free distributions can be replicated by a set of
transition rates.
5.2 Notations and definitions
Before going further, some notations need to be introduced. They are in line with the
ones used by Schonbucher in [7]:
• pk(t, T ) is the probability that exactly k defaults occur at T , given information up
to time t.
• Pnm(t, T ) is the probability of the event [L(T ) = m|L(t) = n].
• Bold fonts will be used to describe vectors, e.g. p(t, T ) = (p0(t, T ), · · · , pN (t, T ))′.
We recall the following definitions and refer the reader to [2] for more details.
Definition 5.1 A stochastic process whose state at time t is X(t), for t > 0, and whose
history of states is given by x(s) for times s < t is a Markov process if:
P [X(t+ h) = j|X(s) = x(s)∀s ≤ t] = P [X(t+ h) = j|X(t)],∀h > 0.
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Definition 5.2 The generator matrix of a Markov process, denoted A, has entries that
are the rates at the process jumps from state to state. These entries are defined by:
ai,j(t) = lim
τ→0
P [X(t+ τ) = j|X(t) = i]
τ
, i 6= j.
Definition 5.3 A Markov process is said to be time-homogenous if the entries of its
generator matrix are not time-dependent, or equivalently:
P [X(t+ h) = j|X(t)] = P [X(0 + h) = j|X(0)], ,∀t > 0, h > 0.
A Markov process which is not time-homogenous is said to be time-inhomogenous.
5.3 Key results
The following mathematical assumption is made on the loss distribution:
Assumption 5.4 Let t ≤ T , the implied distribution p(t, T ) = (p0(t, T ), · · · , pN (t, T ))′
satisfies, for n ≤ N ,
1. pn(t, T ) is at least once right-continuously differentiable in T , almost everywhere.
2. If pn(t, T0) > 0 for some T0, then pn(t, T ) > 0 for all T > T0.
First, the general case of a time-inhomogenous Markov-chain L is considered, its
transition probabilities are uniquely determined by its generator matrix A(t, T ):
anm(t, T ) ≥ 0 for n 6= m
N∑
k=0,k 6=n
−ank(t, T ) = ann(t, T )
We define an(t, T ) =
∑N
k=0,k 6=n−ank(t, T ). As L is a non decreasing process, A has to
be upper triangular, as transition only occurs from n to m, with m > n.
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The Kolmogorov differential equations are derived for the chain and then integrated
to provide (equation (2.5) in [7]):
Pnm(t, T ) =

0 for m < n
exp{− ∫ Tt an(t, s)ds} for m = n∫ T
t Pn,m−1(t, s)am−1(t, s) exp
[
− ∫ Ts am(t, u)du] ds for m > n
(4)
A further assumption is then made in order to get the uniqueness of the forward
transition rates representation: the Markov chain L only admits one-step increments.
This means that two defaults cannot happen at the same time, and is regarded as non-
limiting from a practical point of view for two reasons. First, in practice, the event of
two defaults occurring at the same time is very remote. Second, two defaults will never
occur at the exact same time, since companies will communicate their incapacity to pay
at different time of the day. Thus, by adjusting the sample frequency (i.e. by observing
the loss process several times a day), it is theoretically possible to generate all possible
scenarios.
Therefore its generator matrix A(t, T ) only has nonzero values on its first and second
diagonal (A is said to be bi-diagonal). an(t, T ) is the transition rate of line n, that is the
transition rate from L = n to L = n+ 1. Thus A(t, T ) has the following shape:
A(t, T ) =

−a1 a1 0 · · · · · · 0
0 −a2 a2 . . .
...
...
. . . . . . . . . . . .
...
...
. . . −aN−2 aN−2 0
...
. . . −aN−1 aN−1
0 · · · · · · · · · 0 0

(Note that the ai(t, T ) have been shortened to ai in the equation above).
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By setting:
an(t, T ) =
−1
pn(t, T )
n∑
k=L
∂
∂T
pk(t, T ), (5)
we have a solution to the Kolmogorov equations, which is proved to be unique. (5) is
essentially used to compute the initial transition rates from the initial loss distribution.
Once the initial values of an(0, T ) are set, an(t, T ) can be modelled using a diffusion
process:
dan(t, T ) = µn(t, T )dt+ σn(t, T )dW.
Finally the loss distribution is derived at each step, using the Kolmogorov equations (4).
Pnm(t, T ) =

0 for m < n
exp{− ∫ Tt an(t, s)ds} for m = n∫ T
t Pn,m−1(t, s)am−1(t, s)e
R T
s am(t,u)duds for m > n
5.4 Volatility
The algorithm assumes a given pattern for σn(t, T ), Schonbucher provides 4 different
patterns, for which we kept the notation used in Schonbucher’s article:
1. No transition rate volatility:
σn(t, T ) = 0
The loss process is then a simple time-dependent Markov chain. Although there
is no volatility, the default process does not have a constant intensity. When the
number of defaults jumps from i to i+ 1, the transition rate goes from ai(t, T ) to
ai+1(t, T ). The intensity is therefore dependent on the number of defaults.
2. Factor “Parallel Shift”:
σn(t, T ) > 0
In this case, depending on the value of dW , transition rates can go up or down.
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The overall default risk of the portfolio is thus captured. We can therefore use the
highly liquid index-CDS market and its volatility to calibrate the model.
3. Factor “Tilt around EL”
 σn(t, T ) < 0 if n < EL(T )σn(t, T ) > 0 if n > EL(T )
Here, EL(T ) denotes the expected loss for time T , knowing the L up to t. As such, it
has no impact to have a positive or negative volatility, as W is a standard brownian
motion. But as the factor dW is common to all dan, a positive increment in W
will decrease transition rates for states below the expected loss and increase those
which are above. This set-up can therefore help to model the standard deviation
of the loss distribution, or equivalently the correlation in default.
4. Factor “individual spread blow - out”
 σn(t, T ) >> 0 if n = L(t)σn(t, T ) = 0 if n > L(t)
This volatility scheme can model a high volatility to the next default, without
affecting the other transition rates. This can capture a phenomenon like the down-
grade of Ford / GM in 2005, which saw their spreads explode while the rest of the
bond market was calm.
6 The loss distribution
In order to implement Schonbucher’s algorithm [7], we need to determine the loss distri-
bution of the portfolio, that is, the probability of having n defaults at a time t, which
we previously denoted pn(t). The information we have in order to determine this distri-
bution is the market prices of the different tranches of the CDO. Each tranche price will
enable us to compute a probability of having n defaults in a portfolio of N names.
In order to imply the full loss distribution out of several discrete market prices, we
will first make some assumptions on the shape of the loss distribution in 6.1, then we
will actually fit market quoted spread in terms of loss distribution in 6.2. We will finally
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see how to extend this initial model to improve results in 6.3
Notations Schonbucher is considering the general case of a filtered probability space
(Ω, (Ft)t≥0, Q). In order to lighten notations, and since our calculus are not making use
of the filtration Ft since they are done assuming Ft0=0, we will further denote by pi(T )
be the probability of having exactly i defaults at time T and Pi(T ) the probability of
having i defaults or more at the time T . pi (resp. Pi) may be used as lighter notation
for pi(T ) (resp. Pi(T )) when maturity is obvious from the context.
Using the notations defined above, the expected loss E(L) is simply
E(L) =
∑
i
pi
i(1−R)
N
,
where N is the total number of names in the portfolio.
As for all CDO, the tranches quoted on the market form a partition of the portfolio
(i.e. the detachment point of a tranche is the attachment of the next one), we are
introducing the following notations: Kk is the detachment point (previously referred to
as Ku) of the k-th tranche. K0 is set to 0. Therefore, the attachment and detachment
point of the k-th tranche are Kk−1 and Kk.
We define nk as follow:
nk =
NKk
1−R or Kk =
nk(1−R)
N
.
Kk−1, the attachment point, corresponds to a percentage of loss in the portfolio at
which the k-th tranche of the CDO is triggered. nk−1 corresponds to the same “barrier”,
but in terms of number of defaults. In the same way, nk corresponds to the number of
defaults at which the k-th tranche of the CDO ends. Note that, in the way it is defined
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nk does not have to be an integer. Thus we define mk as follow:
mk = ceil(nk − 1).
Using these notations, the CDO is triggered when there are mk−1 + 1 defaults and
the payoff is capped when mk + 1 defaults are reached. Figures 6 and 7 show where the
protection of the tranche is activated.
nknk−1
mk−1 mk
Figure 6: In red, the protection of the CDO tranche (nk is not an integer).
nknk−1
mk−1 mk
Figure 7: In red, the protection of the CDO tranche (nk is an integer).
6.1 Assumptions on the loss distribution
6.1.1 At fixed maturity
The k-th tranche price gives us information on the probability of having between mk−1+1
and mk + 1 defaults. We only have one price for the tranche, thus the model we want to
use for the loss distribution should only have one parameter to define the corresponding
Pi.
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For an equity tranche (i.e. Kk−1 = 0, k = 1), it seems reasonable to assume
that the loss distribution for a given maturity is in the form:
Pi = e−iδ1 .
Such an assumption matches P0 = 1. It is necessary to define precisely the range of i
on which the assumption is valid. With the argument provided above, the two possible
choices are 0 ≤ i ≤ m1 or 0 ≤ i ≤ m1 + 1. It is straightforward to see that Pm1+1 plays
a role in the price of the tranche. Therefore, our model should define the probabilities
Pi for 0 ≤ i ≤ m1 + 1. Furthermore, this implies that pi = Pi −Pi+1 = (1− e−δ1)e−δ1i is
well defined for 0 ≤ i ≤ m1.
For a general tranche (i.e. Kk−1 ∈ [0, 1], k ≥ 0) we need to assume that the
lower tranches prices have provided Pi values for 0 ≤ i ≤ mk−1 + 1. The information
provided by the price of the tranche considered will enable us to compute Pi values for
0 ≤ i ≤ mk + 1. The logical follow up of our previous paragraph is:
Pmk−1+i = Pmk−1+1e
−(i−1)δk
and,
pmk−1+i = Pmk−1+i−Pmk−1+i+1 = Pmk−1+1(1−e−δk)e−δk(i−1) for 1 ≤ i ≤ mk −mk−1.
6.1.2 For times not associated with a maturity
The first thing to notice is that
Pi(0) =
 0, for i ≥ 11, for i = 0
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We could then assume that Pi(T ) (i ≥ 1) grows linearly with T , but two problems
arise: the first one is that most parameters in the Schonbucher’s article would then
diverge (because we have to integrate 1/pi(t) starting from t = 0), the second is that if
Pi(T ) = αiT , then what we called δ in the previous paragraph would have to be in the
form − log(αiT )i .
For an equity tranche (ie Kk−1 = 0, k = 1) A nicer approach would be to assume
that:
Pi(T ) = e−iα1/T .
With such an assumption, δ1 in previous paragraph is now described as a function of
time δ1(T ) = α1/T . Figure 8 gives an idea on how such curves behave.
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Figure 8: Plots of exp(−a/t), for a ∈ [0.1, 10]
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For a general tranche (ie Kl ∈]0, 1]), in the same way as with a fixed maturity,
we have to take the loss distribution up to mk−1 + 1 defaults as given, and extend it up
to mk + 1 defaults. Therefore:
Pmk−1+i(T ) = Pmk−1+1(T )e
−(i−1)αk/T (for 0 < i ≤ mk −mk−1).
Notation αk is a constant for the k-th tranche. But it does not have to be the same
through the various tranches, i.e. αk is not necessarily equal to αk+1.
6.2 Derivation of the loss distribution
Once the assumptions have been made on the loss distribution shape, we need to derive
the fair spread of the tranche in order to match it with the market quoted price. Deriving
the fair spread of the tranche requires to compute the payment leg and the default leg
(c.f. 3.4).
Once the fair spread is derived as a function of the distribution, we have a system
of equation linking (fk), the tranche protection fee, and (αk), the loss distribution. By
solving the system of equation for fk = market price of the tranche, we can imply a fair
loss distribution for the tranche.
We will assume that loss can only occur on a set of discrete dates (tj)1≤j≤NT , where
tNT is the maturity of the CDO considered.
The Default Leg If there are exactly i defaults in the portfolio, the loss incurred
on the full portfolio is:
i(1−R)
N
,
where R is the recovery rate (assumed constant through the names).
However, one should keep in mind that when buying protection on a tranche, the
notional is not the full portfolio but rather the tranche on which the protection is bought.
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Therefore, the payoff of the k-th tranche protection for a notional of $1 will be (if nk−1 ≤
i ≤ nk)
i− nk−1
nk − nk−1 .
The payoff for any i is logically:
max
(
0,min
(
i− nk−1
nk − nk−1 , 1
))
.
The following will be derived for nk−1 ≤ i ≤ nk, in order to keep light equations.
If i defaults occur on a given date tj , the payoff will be paid immediately. In this
case, the discounted payoff would be:
e−rtj
i− nk−1
nk − nk−1 .
Now, the payoff on tj will only be made on the excess of loss occurring at time tj : if
there were already i defaults at time tj−1, there will not be any payoff.
Let ELj be the expected tranche loss at time tj :
ELj =
mk∑
i=mk−1+1
pi(tj)
i− nk−1
nk − nk−1 + Pmk+1(tj).
Therefore the expected undiscounted payoff at time tj is ELj − ELj−1, that is:
 mk∑
i=mk−1+1
pi(tj)
i− nk−1
nk − nk−1 + Pmk+1(tj)
−
 mk∑
i=mk−1+1
pi(tj−1)
i− nk−1
nk − nk−1 + Pmk+1(tj−1)
 .
ELj − ELj−1 can be re-written as:
mk∑
i=mk−1+1
(pi(tj)− pi(tj−1)) i− nk−1
nk − nk−1 + Pmk+1(tj)− Pmk+1(tj−1).
It is interesting to note that although the loss distribution at time tj is conditional
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on the one at tj−1, the fact that we are only computing the expectation of the excess
of loss between these two times does not require any knowledge about the conditional
distribution of loss.
The default leg of the k-th tranche of the CDO is thus
DLk =
NT∑
j=1
e−rtj
 mk∑
i=mk−1+1
(pi(tj)− pi(tj−1)) i− nk−1
nk − nk−1 + Pmk+1(tj)− Pmk+1(tj−1)
 .
(6)
Let gj =
∑mk
i=mk−1+1 pi(tj)
i−nk−1
nk−nk−1 , substituting this into equation (6), we get
DLk =
NT∑
j=1
e−rtj (gj − gj−1 + Pmk+1(tj)− Pmk+1(tj−1)) .
In order to simplify calculations, we will assume the time observations are evenly dis-
tributed:
tj = t0 + j∆t.
We can therefore write
NT∑
j=1
e−rtj (gj − gj−1) =
NT∑
j=1
e−rtjgj −
NT∑
j=1
e−rtjgj−1
=
NT∑
j=1
e−rtjgj −
NT−1∑
j=0
e−r∆te−rtjgj
=
NT∑
j=1
(1− e−r∆t)e−rtjgj + e−rtNT gNT .
In the same way:
NT∑
j=1
e−rtj (Pmk+1(tj)−Pmk+1(tj−1)) =
NT∑
j=1
(1−e−r∆t)e−rtjPmk+1(tj)+e−rtNT Pmk+1(tNT ).
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Substituting the last two equations in (6), we get,
DLk =
NT∑
j=1
e−rtj (1− e−r∆t) [gj + Pmk+1(tj)] + e−rtNT [gNT + Pmk+1(tNT )] (7)
where gj =
∑mk
i=mk−1+1 pi(tj)
i−nk−1
nk−nk−1 .
The payment leg Regarding the k-th tranche, if there are exactly i defaults at
time tj , the premium fk is paid on the remaining notional of the tranche, which is:
1 if i ≤ mk−1
(1− i−nk−1nk−nk−1 ) =
nk−i
nk−nk−1 if mk−1 + 1 ≤ i ≤ mk
0 if i > mk.
Therefore, the payment leg PLk is:
PLk = fk
NT∑
j=1
e−rtj
mk−1∑
i=0
pi(tj) +
mk∑
i=mk−1+1
pi(tj)
nk − i
nk − nk−1
 .
If we want to discard the double summations:
mk−1∑
i=0
pi(tj) = 1− Pmk−1+1(tj),
mk∑
i=mk−1+1
pi(tj)
nk − i
nk − nk−1 =
nk(Pmk−1+1(tj)− Pmk+1(tj))−
∑mk
i=mk−1+1 ipi(tj)
nk − nk−1 .
Note that, using Pi and pi definitions, we have:
mk∑
i=mk−1+1
ipi(tj) =
mk∑
i=mk−1+1
Pi(tj) +mk−1Pmk−1+1(tj)−mkPmk+1(tj).
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By substituting in the previous equation, we can get:
mk∑
i=mk−1+1
pi(tj)
nk − i
nk − nk−1 =
(nk −mk−1)Pmk−1+1(tj) + (mk − nk)Pmk+1(tj))−
∑mk
i=mk−1+1 Pi(tj)
nk − nk−1 .
Therefore, the payment leg, PLk is:
PLk = fk
NT∑
j=1
e−rtj(
1 +
(nk−1 −mk−1)Pmk−1+1(tj) + (mk − nk)Pmk+1(tj)−
∑mk
i=mk−1+1 Pi(tj)
nk − nk−1
)
.
(8)
In the next two sections, we will derive both the payment leg and the default leg in
two distinct cases:
• For an equity tranche, where no previous knowledge is assumed.
• For a general tranche, where the distribution of less senior tranche is assumed to
be known.
6.2.1 Tranche between 0 and K1
We are first considering the simpler case of an equity tranche. We are doing so because
the equity tranche is unique, as it has an upfront fee, and a known running fee of 500bps
on the remaining notional of the tranche. According to the assumptions made in section
6.1.2:
Pi(t) = e−iα1/t.
Here, as K0 = 0, we have m0 = −1 and n0 = 0.
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The payment leg is the one derived above, with f1 = 500 bps, and an unknown
upfront fee, which will be denoted by UF .
PL1 = f1
NT∑
j=1
e−rtj
1 + (m1 − n1)e− (m1+1)α1tj −∑m1i=1 e− iα1tj
n1
+ UF.
We are introducing the following notations in order to make the derivation more
tractable:
X = e−α1 and Xj = X1/tj ,
so that Pi(tj) = Xij .
Then, the payment leg for an equity tranche is:
PL1 = f1
NT∑
j=1
e−rtj
n1 + (m1 − n1)Xm1+1j −
∑m1
i=1X
i
j
n1
+ UF
= f1
NT∑
j=1
e−rtj
n1 + (m1 − n1)Xm1+1j −Xj
1−Xm1j
1−Xj
n1
+ UF
=
f1
n1
NT∑
j=1
e−rtj
(
n1 + (m1 − n1)Xm1+1j −Xj
1−Xm1j
1−Xj
)
+ UF
=
f1
n1
NT∑
j=1
e−rtj
(
n1 +Xj
(m1 − n1)Xm1j (1−Xj)− 1 +Xm1j
1−Xj
)
+ UF
=
f1
n1
NT∑
j=1
e−rtj
(
n1 +Xj
(m1 − n1 + 1)Xm1j − (m1 − n1)Xm1+1j − 1
1−Xj
)
+ UF.
The default leg is derived by replacing Pi(t) by e−iα1/t:
DL1 =
NT−1∑
j=1
e−rtj (1− e−r∆t)
[
gj + e
− (m1+1)jα1
tj
]
+ e−rtNT
[
gNT + e
− (m1+1)α1
tNT
]
,
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where gj =
∑m1
i=1 e
− iα1
tj (1− e−α1/tj ) in1 or, using the Xj defined above:
DL1 =
NT−1∑
j=1
e−rtj (1− e−r∆t)
[
gj +Xm1+1j
]
+ e−rtNT
[
gNT +X
m1+1
NT
]
,
where gj =
∑m1
i=1X
i
j(1−Xj) in1 can be further simplified:
gj =
1−Xj
n1
m1∑
i=1
iXij
=
1−Xj
n1
Xj
m1X
m1+1
j − (m1 + 1)Xm1j + 1
(1−Xj)2
=
Xj
n1
m1X
m1+1
j − (m1 + 1)Xm1j + 1
(1−Xj) .
Replacing gj in the previous expression,
DL1 = (1− e−r∆t)
NT−1∑
j=1
e−rtj
[
Xj
n1
m1X
m1+1
j − (m1 + 1)Xm1j + 1
(1−Xj) +X
m1+1
j
]
+
e−rtNT
[
XNT
n1
m1X
m1+1
NT
− (m1 + 1)Xm1NT + 1
(1−XNT )
+Xm1+1NT
]
= (1− e−r∆t)
NT−1∑
j=1
e−rtj
Xj
n1
[
m1X
m1+1
j − (m1 + 1)Xm1j + 1
(1−Xj) + n1X
m1
j
]
+
e−rtNT
XNT
n1
[
m1X
m1+1
NT
− (m1 + 1)Xm1NT + 1
(1−XNT )
+ n1Xm1+1NT
]
= (1− e−r∆t)
NT−1∑
j=1
e−rtj
Xj
n1
(m1 − n1)Xm1+1j − (m1 − n1 + 1)Xm1j + 1
(1−Xj) +
e−rtNT
XNT
n1
(m1 − n1)Xm1+1NT − (m1 − n1 + 1)X
m1
NT
+ 1
(1−XNT )
.
Finally, the equality between the payment leg and the default leg can be set. It enables
us to provide a fair and arbitrage-free price from the loss distribution, or conversely to
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provide a loss distribution from a market observed arbitrage-free price.
f1
n1
NT∑
j=1
e−rtj
(
n1 +Xj
(m1 − n1 + 1)Xm1j − (m1 − n1)Xm1+1j − 1
1−Xj
)
+ UF =
(1− e−r∆t)
NT−1∑
j=1
e−rtjXj
(m1 − n1)Xm1+1j − (m1 − n1 + 1)Xm1j + 1
(1−Xj) +
e−rtNTXNT
(m1 − n1)Xm1+1NT − (m1 − n1 + 1)X
m1
NT
+ 1
(1−XNT )
.
This is the most simplified equation we can get, it is a single equation, with a single
unknown α1 (recall Xj = X1/tj and X = e−α1/tj ). It will be solved using Matlab in the
result section.
6.2.2 For a non-equity tranche (Kk−1 6= 0)
In the way the assumptions were made, there is a difference between the equity tranche
and the next tranches. When computing the loss distribution matching the equity
tranche, the only prior knowledge about the distribution is P0 = 1. The price of this
tranche enables us to compute (Pi)1≤i≤m1+1, or equivalently (pi)0≤i≤m1 .
Here, Pi(tj) = Pmk−1+1(tj) exp
[
− i−mk−1−1tj αk
]
. As for the equity tranche we intro-
duce the following notations in order to simplify our derivation X = eαk and Xj = X1/tj ,
so that:
Pi(tj) = Pmk−1+1(tj)X
i−mk−1−1
j .
X and Xj carry different values than in the previous paragraph, and are k-dependent.
In order to lighten notation, and since no confusion is possible, k-dependency has been
removed from the notation.
The payment leg For k ≥ 2, there is no upfront fee, but simply an ongoing
premium fk on the remaining notional of the tranche. Therefore, using (8), the payment
Pricing of forward starting collateralized debt obligation 44
leg of the k-th tranche, PLk, can be written:
fk
NT∑
j=1
e−rtj
(
1 +
(nk−1 −mk−1)Pmk−1+1(tj) + (mk − nk)Pmk−1+1(tj)Xmk−mk−1j
nk − nk−1 −
Pmk−1+1(tj)
∑mk
i=mk−1+1X
i−mk−1−1
j
nk − nk−1

= fk
NT∑
j=1
e−rtj
(
1 + Pmk−1+1(tj)
nk−1 −mk−1 + (mk − nk)Xmk−mk−1j −
∑mk−mk−1−1
i=0 X
i
j
nk − nk−1
)
= fk
NT∑
j=1
e−rtj
1 + Pmk−1+1(tj)nk−1 −mk−1 + (mk − nk)Xmk−mk−1j −
1−Xmk−mk−1j
1−Xj
nk − nk−1

= fk
NT∑
j=1
e−rtj
1 + Pmk−1+1(tj)nk−1 −mk−1 +
(mk−nk+1)X
mk−mk−1
j −(mk−nk)X
mk−mk−1+1
j −1
1−Xj
nk − nk−1
 .
Finally,
PLk = fk
NT∑
j=1
e−rtj
[
1 +
Pmk−1+1(tj)
nk − nk−1(
nk−1 −mk−1 +
(mk − nk + 1)Xmk−mk−1j − (mk − nk)Xmk−mk−1+1j − 1
1−Xj
)]
.
The default leg In a way similar to the one used to derive DL1, we can derive
DLk. Writing (7) for the k-th tranche gives:
DLk =
NT−1∑
j=1
e−rtj (1− e−r∆t) [gj + Pmk+1(tj)] + e−rtNT [gNT + Pmk+1(tNT )] .
where gj =
∑mk
i=mk−1+1 Pmk−1+1(tj)e
− i−mk−1−1
tj
αk(1 − e−αk/tj ) i−nk−1nk−nk−1 . Again, gj carries
a different value than in the previous paragraph, and is k-dependent. In order to lighten
notation, and since no confusion is possible, k-dependency has been removed from the
notation.
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Using the Xj defined above DLk can be rewritten as:
(1−e−r∆t)
NT−1∑
j=1
e−rtj
[
gj + Pmk−1+1(tj)X
mk−mk−1
j
]
+e−rtNT
[
gNT + Pmk−1+1(tNT )X
mk−mk−1
NT
]
,
where
gj =
mk∑
i=mk−1+1
Pmk−1+1(tj)X
i−mk−1−1
j (1−Xj)
i− nk−1
nk − nk−1 .
The expression of gj can be further simplified:
gj = Pmk+1(tj)
1−Xj
nk − nk−1X
−mk−1
j
 mk∑
i=mk+1
iXij − nk−1
mk∑
i=mk+1
Xij
 .
The sums appearing in gj can be explicitly derived, using a result shown in appendix A:
mk∑
i=mk+1
iXij − nk−1
mk∑
i=mk+1
Xij
= Xj
mkX
mk+1
j − (mk + 1)Xmkj + 1
(1−Xj)2 −Xj
mkX
mk+1
j − (mk + 1)Xmkj + 1
(1−Xj)2
−nk−1Xmk+1J
1−Xmk−mkj
1−Xj
=
Xj
(1−Xj)2
[
mkX
mk+1
j − (mk + 1)Xmkj + 1− (mkXmk+1j − (mk + 1)Xmkj + 1)
−nk−1Xmkj (1−Xmk−mkj )(1−Xj)
]
=
Xj
(1−Xj)2
[
mkX
mk+1
j − (mk + 1)Xmkj −mkXmk+1j + (mk + 1)Xmkj
−nk−1(Xmkj −Xmkj −Xmk+1j +Xn+1j )
]
=
Xj
(1−Xj)2
[
(n− nk−1)Xn+1j − (n− nk−1 + 1)Xnj − (mk − nk−1)Xmk+1j
+(mk − nk−1 + 1)Xmkj
]
=
Xmk+1j
(1−Xj)2
[
(n− nk−1)Xn−mk+1j − (n− nk−1 + 1)Xn−mkj − (mk − nk−1)Xj
+mk − nk−1 + 1]
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Thus:
gj =
Pmk+1(tj)
(nk − nk−1)(1−Xj)
[
(n− nk−1)Xn−mk+1j − (n− nk−1 + 1)Xn−mk−1j
−(mk−1 − nk−1)Xj + (mk−1 − nk−1 + 1)] (9)
So finally, the equality between PLk and DLk gives:
fk
NT∑
j=1
e−rtj
nk − n∑
i=mk+1
Pmk+1(tj)X
i−mk−1
j
 =
(1−e−r∆t)
NT−1∑
j=1
e−rtj
[
gj + Pmk−1+1(tj)X
mk−mk−1
j
]
+e−rtNT
[
gNT + Pmk−1+1(tNT )X
mk−mk−1
NT
]
where gj is a polynomial in Xj defined in [9].
Again, we cannot simplify further this expression. Matlab will be used to solve the
numerical problem.
Note that if we set nk−1 = mk−1 = 0, we do not get the previous result. This is due to
the fact that the first tranche provides information for one more default than mezzanine
tranches: the first tranche gives us the default probabilities between 0(= nk−1) and nk,
whereas the next tranches give information for the default probabilities between nk−1 +1
and nk.
6.3 Extensions of the initial model
Even though the assumptions made on the shape of the term structure of the loss dis-
tribution at paragraph 6.1.2 are consistent, it will appear that real market data cannot
easily be matched by a set of values for α (see section 7.2). Several other possibilities are
therefore introduced below.
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6.3.1 Maturity factor exponent
At paragraph 6.1.2, the loss distribution is assumed to have the following shape:
Pi(T ) = exp [−iα/T ] .
It is to be noted that any positive exponent for the maturity T is consistent as well:
Pi(T ) = exp
[
− iα
T γ
]
.
Indeed, for γ > 0 this distribution respects the following:
• For i 6= 0 Pi(T )→ 0 when T → 0.
• For i = 0 Pi(T )→ 1 when T → 0.
Furthermore, the implementation of such a variation of the original algorithm is fairly
simple. We refer the reader to section 7.2.2 in order to see the improvement provided.
6.3.2 The expected survival shape
We are calling “survival” the remaining notional of the full portfolio (not the tranche).
Its expected value ES(t) can be simply expressed at any time t in terms of Pi(t):
ES(t) = 1−
N∑
i=1
i(1−R)
N
pi(t)
= 1− 1−R
N
n∑
i=1
Pi(t).
Instead of making strong assumption on the shape of Pi as a function of t, it is
possible to make an assumption on the shape of the expected survival. We will fit ES to
an exponential:
ES(t) = e−αt.
Pricing of forward starting collateralized debt obligation 48
The assumption on the dependence of Pi in the number of defaults (i) remains valid,
therefore Pi(t) = e−iδ(t), for some unknown function δ(t). At a given time, dropping the
(t) notation, and using ∆ = 1−RN :
ES = 1−∆
N∑
i=1
e−iδ = 1−∆e−δ 1− e
−Nδ
1− e−δ =
1− (1 + ∆)e−δ + ∆e−(N+1)δ
1− e−δ .
Approximated formulas δ being small, and in order to have a closed formula, we
derive to the first order:
ES ≈ 1− (1 + ∆)e
−δ
1− e−δ ,
which we want to fit on a e−αt shape. Therefore,
1− (1 + ∆)e−δ = e−αt(1− e−δ)
⇒ eδ(1− e−αt) = 1 + ∆− e−αt
⇒ eδ(t) = 1 + ∆− e
−αt
1− e−αt .
Finally, Pi is given by
Pi(t) = e−iδ(t) =
(
1− e−αt
1 + ∆− e−αt
)i
.
Exact derivation Let X = e−δ
e−αt =
1− (1 + ∆)X + ∆X(N+1)
1−X
⇒ (1−X)e−αt = 1− (1 + ∆)X + ∆X(N+1)
⇒ ∆XN+1 + (e−αt − (1 + ∆))X + 1− e−αt = 0.
There is no closed formula to solve this polynomial. Therefore computing the loss
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distribution requires solving a system of equations, and not only one equation. The
equation above apply for all tj , thus giving NT equations:
∆e−(N+1)δ(tj) + (e−αt − (1 + ∆))e−δ(tj) + 1− e−αt = 0.
This system of equations, added to the equations derived in section 6.2, should be
solved by Matlab. Although there are as many equations as unknowns, there may not
be any solution, as the system is not linear.
6.3.3 Tranche expected survival shape: LPM
The expected survival modelled in JP Morgan’s Large Pool Model [5] is not the expected
survival of the full portfolio, but the expected survival of the tranche, as it was derived
in paragraph 3.4. For the k-th tranche, it is therefore calculated between mk−1 + 1 and
mk defaults. Let EST be the expected survival of the tranche.
ESTt = 1−∆
mk∑
i=mk−1+1
(i− nk−1)pi
ESTt
∆
=
1
∆
−
mk∑
i=mk−1+1
Pi +mk−1Pmk−1+1 −mkPmk+1 − nk−1(Pmk−1+1 − Pmk+1)
=
1
∆
−
mk∑
i=mk−1+1
Pi + (mk−1 − nk−1)Pmk−1+1 + (nk−1 −mk)Pn+1.
ESTt is now matched to a term structure e−αt, thus raising the equation:
1
∆
−
mk∑
i=mk−1+1
Xi + (mk−1 − nk−1)Xmk−1+1 + (nk−1 −mk)Xmk+1 = 1∆e
−αt.
Dropping the sum signs gives:
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−Xmk−1+1(1−Xmk−mk−1)+(mk−1−nk−1)(1−X)Xmk−1+1 +(nk−1−mk)(1−X)Xmk+1
= (1−X)e
−αt − 1
∆
.
The final polynomial expression we get is:
−Xmk−1+1 +Xmk+1 + (mk−1 − nk−1)Xmk−1+1 − (mk−1 − nk−1)Xmk−1+2
+(nk−1 −mk)Xmk+1 − (nk−1 −mk)Xmk+2 = (1−X)e
−αt − 1
∆
.
Grouping the components of same order, we get:
(mk − nk−1)Xmk+2 + (nk−1 −mk + 1)Xmk+1 − (mk−1 − nk−1)Xmk−1+2
+(mk−1 − nk−1 − 1)Xmk−1+1 + e
−αt − 1
∆
X +
1− e−αt
∆
= 0.
In all, there are two sets of equations. The equation above apply for all tj , thus giving
NT equations. The first main equation, which set the equality of the default leg and the
payment leg still holds. The variables are the Xj (for 1 ≤ j ≤ NT ) and α. There is
therefore as many variables as equations. However, as it is a non linear system, it is not
necessarily determined.
6.4 Possible improvements
In the way the payment and default leg were derived, no accrued payment were taken
into account. In real life, if a default occurs at time t, with tj < t < tj+1, the so-called
accrued fee will have to be paid for period of time t − ti, and the payoff will be paid at
t, not at tj . Our derivation does not account for this phenomenon. In [1], for instance,
this feature is taken into account:
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• In the default leg, the excess loss (6) is not discounted at time tj , but at time
tj+tj−1
2 .
• In the payment leg, the excess loss mentioned in the default leg is added, to the
remaining outstanding notional, and divided by two and discounted tj+tj−12 .
Both of these calculations rely on the fact that, on average, the default will occur at
tj+tj−1
2 . However, this hypothesis might not be the best, as an issuer is more likely
to default at a payment date than during the rest of the time. The only precise way
of doing the computation is to do a time continuous integration, which will make the
calculus in-tractable, and may not add much to the final results.
7 Results
7.1 Market data
Market data was pulled from the Reuters access in the mathematics lab in S14 on the
17th September 2007. Reuters screen copy is available in appendix B. iTraxx tranches
were easily retrieved for various maturity. Unfortunately no data were available for CDX
tranche.
All algorithms have been tried for the following maturities of iTraxx indices: 5 years,
7 years and 10 years.
7.2 Implementation of the loss distribution calibration
The three possible extensions presented in 6.3 have been implemented in Matlab.
7.2.1 Initial model
The initial model was run on the data mentioned above. It raised consistent results for
iTraxx 5 and 7 years. Unfortunately, it could only calibrate the three first tranches for
the iTraxx 10 years.
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Figure 9 shows the various distributions obtained. The subfigure representing the
iTraxx 10 years is truncated because the distribution could not be extended to more
senior tranches.
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(c) iTraxx 10 years
Figure 9: Surface of distribution for the iTraxx index of different maturities
7.2.2 Maturity factor exponent
Because of the impossibility to fit senior tranches of the 10 year iTraxx, the extension to
various maturity factor exponents (see 6.3.1) was applied. In order to determine which
exponent γ to choose, figure 10 shows how many index tranches could be calibrated for
each value of γ between 0.5 and 4.0.
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Figure 10: Calibration dependance against γ exponent value
It seems that γ = 3 is providing the best calibration, as all tranches of all indices can
be calibrated. Figure 11 shows the various distributions obtained for the iTraxx indices.
It can be observed that there are no more truncation on the subfigure representing the
iTraxx 10 years. It is interesting to note that the shape of the distribution is not very
smooth for γ = 3 on ITraxx 5 years. Further studies could be done on how to adjust γ
through maturities.
7.2.3 The expected survival shape
Using the approximated formulas derived at 6.3.2 gives an insolvable polynomials. Figure
12 shows that the polynomial has no solution in the interval [0,1], whereas P1(t) should
be its root. It is therefore necessary to use the full exact derivation.
Unfortunately the exact solution of both the expected survival shape and the tranche
expected survival shape are raising huge 126 equation polynomial systems, which Matlab
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(a) iTraxx 5 years, with γ = 3
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(b) iTraxx 7 years, with γ = 3
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(c) iTraxx 10 years, with γ = 3
Figure 11: Surface of distribution for the iTraxx index of different maturities
Pricing of forward starting collateralized debt obligation 55
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
−7.6
−7.4
−7.2
−7
−6.8
−6.6
−6.4
−6.2
x
/81129638414606681695789005144064 (628/625−x5)/(1−x5) (−1/4 (628/625−x5)7/(1−x5)7−3/4 
Figure 12: Polynomial function to solve in the expected survival model
was unable to solve in computable time. The results in subsequent sections will therefore
be derived from the maturity factor exponent.
7.3 Description of Schonbucher’s algorithm
The loss distribution computed above will be the input to Schonbucher’s algorithm.
1. Initialisation of the algorithm: Set t = 0, L(0) = 0 and specify an(0, T ) from the
initial loss distribution:
an(0, T ) =
−1
pn(0, T )
n∑
j=0
∂
∂T
pj(0, T )
=
1
pn(0, T )
∂
∂T
Pn+1(0, T ).
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We can write Pj(T ) = e−
βj
Tγ , where
βmk−1+i = α1 +
k−1∑
j=1
(mj −mj−1)αj + (i− 1)αk.
So that:
∂
∂T
Pn+1(0, T ) = −γ βn+1
T γ+1
Pn+1(0, T ).
Finally,
an(0, T ) =
γβn+1Pn+1(0, T )
T γ+1pn(0, T )
,
2. t→ t+ ∆t : (until t = T1)
At the beginning of this loop, we assume having a full range of values for (an(t, T ))t≤T≤T1 ,
as it will not be possible to carry continuous version of these values. We will use
the following grid:
ti = i∆t,
To move from ti to ti+1, we will assume knowing (an(ti, tj))i≤j≤N . The following
steps are then followed:
• Calculate PL(t),m(t, T ), the probability of the event [L(T ) = m|L(t)].
PL(t)m(t, T ) =

0 for m < L(t)
exp{− ∫ Tt aL(t)(t, s)ds} for m = L(t)∫ T
t PL(t),m−1(t, s)am−1(t, s)e
− R Ts am(t,u)duds for m > L(t).
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The discrete version of this equation is:
PL(ti)m(ti, tN ) =
0 for m < L(ti)
exp{−∑Nj=i aL(ti)(ti, tj)∆t} for m = L(ti)∑N
j=i PL(ti),m−1(ti, tj)am−1(ti, tj)e
−PNk=j am(ti,tk)∆t∆t for m > L(ti).
• Calculate vL(t),m(t, T ):
vL(t)m(t, T ) =
0 for m < L(t)
PL(t)m(t, T ){−
∫ T
t σL(t)(t, s)ds} for m = L(t)∫ T
t e
− R Ts am(t,u)du [σPaL(t),m−1(t, s)− PL(t),m(t, s)σm(t, s)] ds for m > L(t).
The discrete version of this equation is:
vL(ti)m(ti, tN ) =
 0 for m < L(ti)PL(ti)m(ti, tN ){−∑Nj=i σL(ti)(ti, tj)∆t} for m = L(ti),
and for for m > L(ti) :
vL(ti)m(ti, tN ) =
N∑
j=i
e−
PN
k=j am(ti,tk)∆t
[
σPaL(ti),m−1(ti, tj)− PL(ti),m(ti, tj)σm(ti, tj)
]
∆t,
where:
σPaL(ti),m−1(t, T ) = PL(ti),m−1(t, T )σm−1(t, T ) + am−1(t, T )vL(ti),m−1(t, T ).
• Use PL(t),m(t, T ) and vL(t),m(t, T ) to calculate µn(t, T ) from the drift restric-
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tion:
µm(t, T ) =
−σm(t, T )vL(t),m(t, T )
PL(t),m(t, T )
µm(ti, tN ) =
−σm(ti, tN )vL(ti),m(ti, tN )
PL(ti),m(ti, tN )
.
• Simulate an(t+ ∆t, T ) using the Euler scheme and µn(t, T ) and σn(t, T ):
dan(t, T ) = µn(t, T )dt+ σn(t, T )dW
∆an(ti, tN ) = µn(ti, tN )∆t+ σn(ti, tN )∆W.
• Simulate the loss process using its intensity in an Euler scheme:
L(t+ ∆t) =
 L(ti) with probability e
−an(ti,ti)∆t
L(ti) + 1 with probability 1− e−an(ti,ti)∆t.
3. The loop is executed until ti = T1. Knowing PL(T1),m(T1, T ) it becomes possible to
price any option by computing the expectation of its payoff. In our study, we will
focus on a CDO.
4. The process above will give one forward starting distribution, with a given loss
L(T1). This process will be repeated as in a Monte-Carlo simulation, the option
price being the discounted average of those simulations.
7.4 Implementation of Schonbucher’s algorithm
In Matlab, an object structure has been introduced to handle CDOs. For a CDO object
named sampleCDO.
• sampleCDO.T is the maturity of the CDO in years.
• sampleCDO.PPY is the number of payment made per year.
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• sampleCDO.Klu defines the attachment and detachment points, such as [0,0.03,
0.06,0.09, 0.12, 0.22].
• sampleCDO.fees is a two row array. The first row defines the upfront fee, while
the second defines the running fee.
• sampleCDO.N is the number of names in the CDO.
The algorithm uses several key functions, to compute the initial loss distribution,
simulate the distribution evolution, and finally price the forward starting CDO.
• [y,p,P,alphasurT, nFit] = lossDistribution3(CDO, R, r, power, method,
talkative) This function computes the loss distribution of the CDO, using either
method introduced in 6.3. It outputs several variables:
– y: is a 3-column matrix, the i-th line of which carries the following information:
Kli,Kui, e
−δi .
– p: is the matrix of the pi(tj).
– P: is the matrix of the Pi(tj).
– alphasurT: is the array of the αk.
– nFit: is the last tranche number which could be fit.
• [L,finalDistrib] = forwardDistribution(Kul, NN, R, f, T1, T2, N1, N2)
Computes the initial loss distribution from the given prices of the initial CDO (with
maturity T1), and runs the algorithm to compute the forward starting loss distri-
bution.
7.5 Results
When using the algorithm described above, the Loss process thus created follows the
initial loss distribution given as an input. In order to check the consistency of the
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method, the price of the FDO will be compared to the one computed using Hull & White
method [1]. In appendix C it can be noticed that real market data cannot be fitted
with a single correlation value. This problem was previously mentioned in section 3, and
was fixed by the introduction of the base correlation model, which cannot be used to
compute forward starting CDO in H&W framework. Thus, to check our methodology,
some theoretical prices will be generated using the Hull and White one factor model.
The prices thus obtained will be used as input of our algorithm, and the prices of FDO
will be compared with the one found with H&W method.
In order to make a first test of the algorithm, different virtual indices based on various
constant spreads ranging from 20 to 60bps, a correlation of 30% and containing 100 names
are computed. Corresponding implied spot loss distributions are then computed using
the methodology described in the previous section. It is straightforward to re-price the
initial CDO by using the derived loss distribution in order to check the consistency of
the algorithm. Graphs on figure 13 show that for various spreads, the prices found are
in line with the initial input of the algorithm.
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Figure 13: Price consistency check using the implied loss distribution
In a second step, the prices of FDO starting in 1,2,3 and 4 years are computed, both
using Schonbucher methodology (with 0 volatility) and using Hull & White methodology.
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As stated in section 4.2.1, the structure of the FDO has fixed attachment and detach-
ment points: the nominal attachment and detachment point do not change between the
day the contract is agreed and the day the protection starts. The prices derived using
Schonbucher algorithm are run with 1000 forward distribution Monte-Carlo computa-
tion. Thus there is a noise on the prices obtained: indeed, although there is no volatility
in the diffusion of the distributions, the loss process itself is diffused and random. On an
equity tranche, interpretation of the results is therefore difficult.
Forward Start Price Schonbucher Price H&W
1 0.1326 0.1166
2 0.1455 0.1188
3 0.1308 0.1203
4 0.1192 0.1214
As for a mezzanine tranche, the prices are not in line with H&W, since they imply a
decay of the price with forward start.
Forward Start Price Schonbucher Price H&W
1 0.0108 0.0132
2 0.0047 0.0164
3 0.0012 0.0198
4 0.0001 0.0231
The evolution of the price in the H&W model is in line with the conclusion of Hull
& White in [1] (briefly summarised in 4.2.1). Looking at the shape of the forward
starting distributions plotted on figure 14, one can notice a strange behaviour which
may explain the discrepancy. First, the highest probability of defaults is moving forward
with the number of loss already occurred, as can be seen on the year 1 graph: the
more defaults already occurred, the more are likely to happen in the remaining time.
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Figure 14: Forward distributions computed in year 1 and 4
Second, it is striking on the year 4 forward distribution that the probabilities of defaults
are concentrated on the few more defaults in addition to those already occurred. This
captures the idea that, with only one year left, no more than a couple of defaults can occur
in such a limited timeframe. Given the conclusion of H&W, their methodology implies
a high expected number of defaults if none has occurred by year 4. Thus although the
two approach are valid, they model a strongly different behaviour of the loss process.
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8 Conclusion
In this thesis we focused on the pricing of credit derivatives, and made a particular
study of forward starting CDOs. Schonbucher introduced a model in [7] to capture the
dynamics of such a structure. In order to implement pricing with his model, a complete
loss distribution is required. However such a distribution is not available in the market
and needs to be calibrated from market prices of CDO tranches.
Therefore, in this thesis we introduced a new way to fit market prices of CDOs
to the loss distribution of their underlying portfolios. In order to achieve such a fit,
reasonable assumptions were made on the loss distribution. Such assumptions on the
distribution were in line with those of other pricing models on the general shape and
limits of the distribution. A set of parameters matching the distributions of the LPM
was derived, although not implemented due to technical limitations. This method was
capable of fitting the most common index of various maturities. Although using the same
distribution hypothesis as the base correlation model introduced by JP Morgan would
have been extremely interesting, this fitting turned out to be numerically impossible in
our computational environment (Matlab’s solver). Our methodology is consistent and
was checked by repricing CDO tranches out of the implied loss distribution.
Schonbucher’s idea of considering the loss process as a one step Markov chain is a
breakthrough in the way it models loss in a portfolio. It models behaviour of the loss
distribution which can appear surprising, especially since the FDO prices thus derived
behave very differently from those using Hull & White methodology.
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A A basic calculus result
In order to lighten an equation, it can be useful to derive the sum:
n∑
i=1
iXi.
To do so, we just have to consider gn(x) =
∑n
i=1X
i = X 1−X
n
1−X , the derivative of
which is:
g′n(x) =
n∑
i=1
iXi−1 =
n−1∑
i=0
(i+ 1)Xi =
n−1∑
i=1
iXi +
n−1∑
i=0
Xi
=
n−1∑
i=1
iXi +
1−Xn
1−X .
So that:
n∑
i=1
iXi = g′n+1(x)−
1−Xn+1
1−X
=
1−Xn+1
1−X +X
−(n+ 1)Xn(1−X) + 1−Xn+1
(1−X)2 −
1−Xn+1
1−X
= X
−(n+ 1)Xn(1−X) + 1−Xn+1
(1−X)2
n∑
i=1
iXi = X
nXn+1 − (n+ 1)Xn + 1
(1−X)2 .
B Market Data
Figure 15 shows the index spreads as observed on 17th September 2007.
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Name  Term Ccy Sen Bid Ask Time Date
0#CDSINDXE=GFI      INDEX EUR       
ITRAXX EUROPE7  EUR 35.000      14SEP                         Jun10 SENIOR 20:32
ITRAXX EUROPE   EUR 35.000      14SEP                         3Y   SENIOR 20:32
ITRAXX EUROPE7  EUR 49.500      14SEP                         Jun12 SENIOR 22:36
ITRAXX EUROPE   EUR 49.500      14SEP                         5Y   SENIOR 22:36
ITRAXX EUROPE7  EUR 36.250      06JUL                         Jun14 SENIOR 20:29
ITRAXX EUROPE   EUR 36.250      06JUL                         7Y   SENIOR 20:29
ITRAXX EUROPE7  EUR 75.500      13SEP                         Jun17 SENIOR 19:11
ITRAXX EUROPE   EUR 75.500      13SEP                         10Y  SENIOR 19:11
ITRAXX HIVOL7   EUR       36.000 13SEP                         Jun10 SENIOR 18:44
ITRAXX HIVOL    EUR       36.000 13SEP                         3Y   SENIOR 18:44
ITRAXX HIVOL7   EUR 62.500      14SEP                         Jun12 SENIOR 18:45
ITRAXX HIVOL    EUR 62.500      14SEP                         5Y   SENIOR 18:45
ITRAXX HIVOL7   EUR 55.00054.000 06JUN                         Jun14 SENIOR 14:11
ITRAXX HIVOL    EUR 55.00054.000 06JUN                         7Y   SENIOR 14:11
ITRAXX HIVOL7   EUR 42.000      15AUG                         Jun17 SENIOR 14:29
ITRAXX HIVOL    EUR 42.000      15AUG                         10Y  SENIOR 14:29
ITRXX NON-FIN7  EUR                                          Jun12 SENIOR   :  
ITRXX NON-FIN   EUR 46.00040.000 14MAR                         5Y   SENIOR 19:20
ITRXX NON-FIN7  EUR                                          Jun17 SENIOR   :  
ITRXX NON-FIN   EUR                                          10Y  SENIOR   :  
ITRAXX FIN7 SR  EUR 44.000      14SEP                         Jun12 SENIOR 23:58
ITRAXX FIN SR   EUR 44.000      14SEP                         5Y   SENIOR 23:58
ITRAXX FIN7 SR  EUR 60.000      14SEP                         Jun17 SENIOR 15:23
ITRAXX FIN SR   EUR 60.000      14SEP                         10Y  SENIOR 15:23
ITRAXX FIN7 SUB EUR 71.000      14SEP                         Jun12 SENIOR 22:04
ITRAXX FIN SUB  EUR 71.000      14SEP                         5Y   SENIOR 22:04
ITRAXX FIN7 SUB EUR 84.00084.000 14SEP                         Jun17 SENIOR 20:08
ITRAXX FIN SUB  EUR 84.00084.000 14SEP                         10Y  SENIOR 20:08
ITRX EUR7 0-3%  EUR                                          Jun10 UPFRON   :  
ITRX EUR 3%UPF  EUR 1.750       25OCT                         3Y   UPFRON 23:36
ITRX EUR7 3%    EUR 26.500      14SEP                         Jun12 UPFRON 22:15
ITRX EUR 3%UPF  EUR 26.500      14SEP                         5Y   UPFRON 22:15
ITRX EUR7 3%    EUR       36.500 14SEP                         Jun14 UPFRON 22:07
ITRX EUR 3%UPF  EUR       36.500 14SEP                         7Y   UPFRON 22:07
ITRX EUR7 0-3%  EUR       46.000 14SEP                         Jun17 UPFRON 22:07
ITRX EUR 3%UPF  EUR       46.000 14SEP                         10Y  UPFRON 22:07
ITRX EUR7 3-6%  EUR                                          Jun10 SENIOR   :  
ITRX EUR 3-6%   EUR       2.000 20JAN                         3Y   SENIOR 19:39
ITRX EUR7 3-6%  EUR 140.00125.00 14SEP                         Jun12 SENIOR 15:40
ITRX EUR 3-6%   EUR 140.00125.00 14SEP                         5Y   SENIOR 15:40
ITRX EUR7 3-6%  EUR 225.00205.00 14SEP                         Jun14 SENIOR 15:41
ITRX EUR 3-6%   EUR 225.00205.00 14SEP                         7Y   SENIOR 15:41
ITRX EUR7 3-6%  EUR 480.00450.00 14SEP                         Jun17 SENIOR 15:42
ITRX EUR 3-6%   EUR 480.00450.00 14SEP                         10Y  SENIOR 15:42
ITRX EUR7 6-9%  EUR                                          Jun10 SENIOR   :  
ITRX EUR 6-9%   EUR 6.000 2.000 04JAN                         3Y   SENIOR 16:52
ITRX EUR7 6-9%  EUR       54.000 14SEP                         Jun12 SENIOR 22:07
ITRX EUR 6-9%   EUR       54.000 14SEP                         5Y   SENIOR 22:07
ITRX EUR7 6-9%  EUR 118.00103.00 14SEP                         Jun14 SENIOR 20:59
ITRX EUR 6-9%   EUR 118.00103.00 14SEP                         7Y   SENIOR 20:59
ITRX EUR7 6-9%  EUR 213.00198.00 14SEP                         Jun17 SENIOR 20:30
Monday, September 17, 2007 2:46:30 PM:0#CDSINDXE=GFI for user g0600576@HYPER1X07 [Reuters 3000 Xtra] Page 1
Figure 15: iTraxx index tranches spreads as observed on 17th September 2007.
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C Fitting of market data
For the first tranche from 3 to 6%, the premium is given below, for various correlation
value and spread value (in the first line):
ρ 20bps 25bps 30bps 35bps 40bps 45bps 50bps 55bps 60bps
40 0.3171 0.5214 0.7657 1.0455 1.3567 1.6956 2.0592 2.4446 2.8494
45 0.6058 0.8963 1.2192 1.5689 1.9408 2.3315 2.7382 3.1586 3.5908
50 1.0015 1.3750 1.7685 2.1774 2.5983 3.0288 3.4670 3.9115 4.3612
55 1.5035 1.9518 2.4054 2.8623 3.3210 3.7807 4.2406 4.7006 5.1602
60 2.1117 2.6240 3.1267 3.6209 4.1074 4.5873 5.0611 5.5294 5.9927
For the second tranche from 6 to 9%, the premium is given below, for various corre-
lation value and spread value (in the first line):
ρ 20bps 25bps 30bps 35bps 40bps 45bps 50bps 55bps 60bps
40 0.0651 0.1299 0.2161 0.3228 0.4492 0.5944 0.7577 0.9380 1.1346
45 0.1916 0.3133 0.4576 0.6222 0.8050 1.0044 1.2189 1.4470 1.6876
50 0.4107 0.5990 0.8065 1.0300 1.2673 1.5163 1.7756 2.0439 2.3202
55 0.7366 0.9950 1.2650 1.5438 1.8297 2.1215 2.4181 2.7187 3.0227
60 1.1799 1.5066 1.8342 2.1620 2.4894 2.8163 3.1425 3.4680 3.7926
For the third tranche from 9 to 12%, the premium is given below, for various corre-
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lation value and spread value (in the first line):
ρ 20bps 25bps 30bps 35bps 40bps 45bps 50bps 55bps 60bps
40 0.0029 0.0087 0.0190 0.0346 0.0558 0.0830 0.1165 0.1562 0.2022
45 0.0203 0.0422 0.0727 0.1114 0.1580 0.2122 0.2736 0.3420 0.4172
50 0.0774 0.1297 0.1921 0.2634 0.3429 0.4299 0.5238 0.6242 0.7307
55 0.2027 0.2959 0.3983 0.5084 0.6254 0.7484 0.8769 1.0103 1.1481
60 0.4189 0.5615 0.7097 0.8625 1.0191 1.1789 1.3414 1.5064 1.6736
This cannot fit the market data structure of the 5 year iTraxx CDO.
Tranche 0− 3% 3− 6% 6− 9% 9− 12% 12− 22%
Upfront fee 26.5% 0 0 0 0
Running fee 500bps 132bps 54bps 36bps 30bps
